
Definition:
• log pair IX. D)

normal ^ effective IR- divisor
variety

• a/E, X. D) : discrepancy of E with respect to Kx + D

• diser (×, D) = infela (E, X, D) / codim Center, (E) 32}

• total discrex, D) = infe {a (E, X. D) / codim Center ✗ (E) 31}

• log pair (X, B) is said to be e- log terminal if total discs IX. B) > - HE
E- log canonical if totaldisor (X, B) ≥-HE

• IX. B) be a log pair of global type (X is projective)

Log Fano variety (LF) if KTB is Ic and - (Kt B) is ample
weak log Fano (WLF) if Ktb is le and - (Ktb) is net and big
log semi - Fano (Is-Fano) if KtB is Ic and - (Kt B) is nef
0 -log pair if KTB is le and numerically trivial (THX)-0 or 91×1=0)
also called a log Calabi-Yau variety

• ✗ normal projective variety.
✗ is Fano type (FT) if it satisfies the following equivalent conditions,

(i) I 10-boundary 0 sit. (X, O) is a kit log Fano
(i;) I IQ- boundary ☐ sit. (X, 0) is a Klt weak log Fano

(iii) ⇒ IQ- boundary sit (X, D) is a kit o- pair and the components of 0
generate N' (X)

Liv) For any divisor D, 7 a IQ- boundary sit
(X, G) is a kit 0- pair and supp DC supp 0

• ✗ normal variety , D is IR-divisor
IQ - complement of K×tD is a log divisor Kx + D' sit. D'> D, Kx + D' is lo

and n(KxtD') no for some ne 2>0

let D= St B 530 effective integral LBJ ≤0
to common components ,

n - complement of K×+D is * + pt It -divisor

(i) n/Kx + Dt) - o (in particular, not is an integral divisor)

(ii) Kxt Dt is le

Liii) not ≥ MS + Lint)BJ

Note that: an n- complement is not necessarily a 10 - complement

• Alexeev's Borisov's
conjecture 1
Fix a real number E> 0 .
(X, D= [bi Bi) d- dimensional , le , -(Kxt B) nef (semi- Fano variety)

Assume (i) Kt B is E- It
Lii) X Fano type (FT) (I some boundary o sit 4,0) is)

a kit log Fano variety

Then ✗ belongs to an algebraic family i. e. X is bounded in the moduli space

Toric case was proved
(7. 13,1)

• Conjecture 2: Log Canonical Adjunction
(7. 13,2)+ Particular case of Effective log Abundance Conjecture

+ Effective Ajunction (7. 13.3)

Notations, For a subset 22 C IR> o. 6102): = {1- £ / me 2, m> 0, re 92} n [0,1]
If 92={0/1} , ☑ (92) is the set of standard multiplicities

Main Theorem 1
Fix a finite subset 92C [0, 1) n IQ.

(×, B) (i. e. Kt B is Ic and - (Kt B) is nef)
(i.e. B has hyperstandard multiplicities with

respect to 02 )

Kit log semi - Fano variety

dim=d FT multiplicities of BEE (R)

Assume: L MMP i
conjecture

Then: Kt B has
divisible by
Moreover,

n dim ≤d
1 and Conjecture 2 hold in dimed

bounded complements : I positive integer n= n(d. 02)

denominators of all re 02, sit. K+B is n- complemented.
Kt B is nI- complemented for t IE 2,0

K-ns - Lenti) DJ / ≠ ∅ S:<LBS D= B- S

nk/≠ ∅ and n depends only on d.

Main Theorem 2
Fix a finite subset 22C [0,1] n1Q
(x, B) Clog CY variety)

diked FT multiplicities of B E I (2)

Assume, LMMP in dimed
Conjecture 1 and conjecture 2 hold in dimed

Then I a positive integer n=n(d, 2) sit next B) no

B: a finite set of prime divisors Bi
BB:= {IR-Weil divisors B / suppB = I Bi }BIEBIR-vector space prime

JB:= {EP:B; EDB / 0 - Biel, Vi }
unit cube in DB

(X. B) log pair B is IR-boundary.
Assume Kt B is n- complemented.
Then I constant {= ELX, B, n)> 0 Sit. KTB' is also n-complemented for
any IR- boundary B' ED, with 11 B- B'//<E (11131/= max (/bit,-.-, Ibrl))

norm
The existence of n- complements is an open condition in the space of all
boundaries 13 with fixed SuppB

Fix a positive integer I. X FT variety , Kx Q-Cartier
let B, -- - Br be Q- Cartier B:=É,Bi

Then for any boundary BE JB sit. Kt B is le and -(K + B) is nef,
there is an n- complement of K+ B for some n ≤ Const IX. B) and I/ n

Def: a class of (relative) log pairs (X/z ⇒ 0, B) ,
(a point on each ZEZ

This class has bounded. complements if I a constant C sit.
for any log pair (X/2, B) E (X/z, B) , the log divisor Kt B is n - complement

near the fiber over 0 for some n ≤C

Assume 72 is rational and finite, denote 2192): = 1cm (denominators of re 22 1 10)).

Notation:

lemma I

prop. I

setup: (X, B=EbiBi) kit log semi- Fano
/

dim=d. - Q-divisor.
FT

Assume Main theorem 1 and 2 hold in dimension d- 1
By this inductive hypothesis,
whenever RCCO-D / ⇒ Edt (DI)> 0

finite
rational

Adjunction on divisors
RC IR≥o
I. = / ro-mÉ (tri) /ro,---, rsER.ME 2. m> 0} AIR> o⇐ ,
Na (R):-{me 21>0 / I log semi-Fano variety IX. D)

of dim d satisfying (i) Lii) is}
(i) X is FT and DE 8102)
(ri) either (X, D) is Kit or Kx + DEO
Ciii) Kxtb is m- complemented, 2 (R) /m, and

m is minimal under these conditions⇒ B E E (R) n [0, + E']
-

are contained in this finite set conjecture 1 Nd = Nd (R):-sup Nd (R) ,
Ed = Ed (R): = * at 2)

Take any ose' ≤ Edt (R) . Put 1: = 2122)

• (X. B) is a'-It
the multiplicities of B

Hence (X, Supp B) belongs to an algebraic family
assume the multiplicities of B are fixed.

Let m:=nI Ktb is m- complemented,
sit. (X, * ( (Mtl) B) + B) ) is leg

open in the deformation space of (X, SuppB)
By PropL aboveNoetherian induction /⇒ 109 divisor K+B has a bounded n]- complement for some n ≤Cld, R)

• Now we only need to consider the case (X, B) is not E'- It.

" log crepant IQ- factorial blowup of all divisors E of discrepancy a/E, X, B) ≤-HE'(×, B) →
BEIER! → BEE (R

also FTNew ✗ is
Now assume ✗ Q- factorial and discr (X, B) > -Ite'

Take some no 3) 0
ROB is integral and I -NolktB)/ is base point free

sufficient large

⊖: = B+#B

• K + ⊖ is a kit IQ- complement of Kx + B
• disor (X. ⊖) ≥ Its'
• ⊖ - B is supported in a movable divisor

di = {b1i if biz te'
otherwise

A new bound an
components of B

• (B) Run - (K + D) - MMP

If X is not FT , ≤0 and -(Ktp)-Mmp
Kt 13-8 (D- B) -Mmp
for some small 8>0

coincides

• BE & (R, E')
• All birational transformation are (K + 0) - crepant ⇒ Kt is Kit

preserved on each step

KTB is Kit
• (✗ • D) is Ic

n

Claim 1 None of

(A) "Replace

components of LD) is contracted.
let y: ✗ → I be a Kt D - positive extremal contraction

É corresponding exceptional divisor

• (C) Reduction. a number of divisorial contractions and flips
✗ --..) X, -- -D - --→ XN = Y,

we get a IQ- factorial model Y sit.
I 4
a non- birational Ky + Dy - positive extremal contraction
to a lower- dimensional variety Z

or • - (KY + Dy) is nef.
2h first case 1 2 is a point i. e. , p (4) =L and - (Kyt By) is nef

• Now we have Y, Q - factorial, FT
Two boundaries By = Ibi Bi

Dy= Id:B; "t/ BYE ECR.si) }
by EE (R)

di> bi ⇔ dit and bistte'

One of the following two cases holds
Two cases. • PLY)-1, Kit Dy is ample, (Y, By) kit log semi-Fano variety .

or
since D> B

( if K+B=0, the case does not occur)

outline of the proof of Main Theorem 1
sketch the idea in the proof of boundedness in

(1)

•

(1. 1)

an> ⇒ ii. 55%4.4%8.
Do construction (A) (B) (C)
In each steps of divisorial contractions and flips in (C)
we contract an extremal ray

↑@+ D) - positive
we can pull back n-complements of KYtDy

Falk) to original ×.
PIY)#, it possible that Ky + by has no complements
In this case
Section 6 ⇒ bic 1- C , where c> 0

Claim 1 ⇒

(i) Ky + D is nef over X
(it) fade In: = {least, until a) 2nd}

boundary TR
Kxt f. D is n- complemented

Kyt D is n - complemented

the multiplicities of By are bundled from the above

divisorial contractions in (C) do not contract
components of B with bi≥ l- E'

B is also bounded from above. }

conjecture 1
preserved in → discr (X, B) > -1 + E'
each step

⇒ (X, supp B) belong to
an algebraic family

Noetherian induction ⇒ assume (X, Supp B) is fixed

By Prop 2. (X, B) has bounded complements ☐

• (Y, Dy) log semi-Fano
↑ treated in latter section

(X, B=EbiBi)
BE 0 (R, E'), a

Assume the LUMP in dim d
Assume either (i) (X, B) is not Kit and' Main theorem 1 and 2 hold

0-pair of dimension d sit.
here E':= Ed-1 (2) .

in dimension d- 1
or (ii) Main Theorem 2. holds in dim d

Then ⇒ A: = X (d, R) > 0 Sit either bit or bi ≤1- X for all bi

Corollary of lemma 2

• (
Proof of Main theorem 2

(X, B) o-pair
FF EIR)

Replace (X, B)

not Kit

its Q-factorial Alt modification - ✗ is Kit

let Ocd <Xld, R) Coro of henna 2
4 X is not d- It ⇒ ALEX, o) <-1+4

•

for each exceptional divisor E

As in (A) replace (X/B) → blow up of all such divisors E
Then we have (X, B) o - pair

* (R) LBJ#Od- It
.

• Proof of Main theorem 2 in the case when (X, B) is not Kit

• Run K-MMP: X----→ X'
B#O ⇒ ⇒ ✗ '→ z'

B' is biration transform of B
dim 2' <dimx'

K- negative Fano fibration
By our construction (X', B')

✗ I - It A
E CR)

not Kit o-pair

Prop 2 ⇒ we can pull back n- complements from X' to ✗ if IIR) / n

pex')=lcase 1 : 2' is a point ⇒ { ×, is Kit Fano

11-1) ⇒ (X', suppB') belong to an algebraic family

Noetherian induction } ⇒ log divisor Kt B has boundedPM 1 for some n ≤ C (d, R)
m2- complement

Case 2 . treated by results in latter sections.
☐

B has hyperstandardmultiplicities with respect to R
if BE & (R)

812,E) EFIRD UCHE", 1)

Proof

↗

In particular

If 13=0 1-
H

be a 0- pair

(X, B) is bounded

l
I BE / -K (mtl) B)

 A IQ

we have discr (x, ⊖) = discr (X, B)
↑Bertini's theorem

6B general member

no / Kxt

D: = I dig?i

Supp D= Supp B
DEE (R)
D> B
LD) ≠ 0
(×, D) is 1C

✗ is FT
KTB

B≤⊖

l
✗ FT

proof:

Assume E C LD). let D: = 4#D
KxtD is 4- ample ⇒ we can write Kxt D=# (Ky + 5) - LE, 270

(I, D) is 1C ⇒ -1 ≤a (E, I, D) = ACE, ×, D) -2 = -1-2<-1 contradiction

either Z

discr CY, By)> -ite'

LDy) to

Prop-2 fi Y→X
birational contraction .

D is R-divisor on Y sit

in the case when (X, B) is not kit

lemma 2.

ACE, X, B) =, or a CE, X, B) ≤1- ✗ for any divisor on X
(exceptional or not)

(B) to
BE ② (R)

ALEX, B) =L

dimz'> 0

◦ (R, Ed- R)lemma: (the simplest case of the global to local statement.)
Fix a finite set R C [0, 1) A IQ . let 1×70,"B) be the
germ of a Q- factorial kit d- dimensional singularity.

Then there is an n- complement of Kxt D.
A
Nan (R)

near each pointPEX
n-complement K+Bt of Kt BA

Nat (E) Pn D8 (R, E)
Bt≥ B

N Bt is integral for any component of D-B
• ≥ E'> Yat,

B+≥ D ⇒ (X, D) is le near P
coefficien

R finite ⇒ sup Nd (R)
↓

Nd> o


